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LAGRANGIAN BONNET PAIRS IN COMPLEX SPACE FORMS
HUIXIA HE, HUI MA, AND ERXIAO WANG
Abstract. In this paper we first give a Bonnet theorem for conformal Lagrangian surfaces
in complex space forms, then we show that any compact Lagrangian surface in the complex
space form admits at most one other global isometric Lagrangian surface with the same mean
curvature form, unless the Maslov form is conformal. These two Lagrangian surfaces are
then called Lagrangian Bonnet pairs. We also studied the question about Lagrangian Bonnet
surfaces in M˜2(4c), and obtain some interesting results.
1. Introduction
In surface theory of 3-dimensional Euclidean space R3, the series work by Bonnet, Cartan
and Chern ([2, 7, 8]) show that mean curvature and metric is sufficient to determine an oriented
surface generically, except three cases: constant mean curvature surfaces, Bonnet surfaces, which
admits a nontrivial isometric deformation preserving the mean curvature function, and Bonnet
pairs, which are exactly two non-congruent isometric surfaces with the same mean curvature
function. CMC surfaces have been investigated intensively by various methods; Bonnet surfaces
have been treated using techniques of integrable systems theory and extended to S3 and H3, and
recently have been generalized to the homogeneous 3-manifold with a 4-dimensional isometry
group have been investigated intensively by various methods ([7], [8], [9], [10], [14]). But much
less is known about Bonnet pairs. Bobenko [1] takes some steps towards attacking this problem
by treating Bonnet pairs as integrable systems. However, it is still an open question whether
compact Bonnet pairs exist in R3. Since the theory of Bonnet pairs in R3 is closely related to
isothermic surfaces in S3 , it was generalized to S3 in [17]. Lawson and Tribuzy ([18]) showed
that any compact oriented surface in the 3-dimensional real form M3(c) with nonconstant mean
curvature, admits at most two surfaces with the given metric and mean curvature. Springborn
([24]) showed that helicoidal immersed tori are compact Bonnet pairs in 3-dimensional sphere.
By the investigation of Lagrangian surfaces in the complex projective plane CP 2, we find it is
very interesting to consider the analog problem for conformal Lagrangian surfaces in the complex
space form M˜2(4c), where c = 1, 0 or −1. Explicitly, which data are sufficient to determine a
conformal Lagrangian immersion of a Riemannian surface in M˜2(4c) up to rigidity motions. The
first two authors introduced a new concept of Lagrangian Bonnet pairs in CP 2 in a similar spirit
and derived a Lawson-Tribuzy type theorem ([15]). In this paper, we first generalize this result
to the surfaces in the complex Euclidean plane C2 and the complex hyperbolic plane CH2. On
the other hand, we also study the Lagrangian Bonnet surfaces in M˜2(4c), i.e. to Lagrangian
surfaces in complex space forms possessing one-parameter families of isometries preserving the
mean curvature form, and obtain several interesting results.
Remark that Lagrangian submanifolds in complex space forms with conformal Maslov form
were deeply studied in [3], [4], [5], [6], [21] and etc.
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2. Lagrangian surfaces in complex space forms
2.1. Lagrangian surface in C2. Identify C2 with R4 equipped with its standard inner product
〈 , 〉, the standard complex structure J and Ka¨hler form ω. Let f : Σ → C2 be a Lagrangian
immersion of an oriented surface. The induced metric on Σ generates a complex structure with
respect to which the metric is g = 2eudzdz¯, where z = x + iy is a local complex coordinate on
Σ and u is a real-valued function defined on Σ locally. Let fz and fz¯ denote the complexified
tangent vector, where
∂
∂z
=
1
2
(
∂
∂x
− i ∂
∂y
),
∂
∂z¯
=
1
2
(
∂
∂x
+ i
∂
∂y
).
Complexify the product 〈 , 〉 and the complex structure on R4 to C4, still denoted by 〈 , 〉 and J .
Then the metric g is conformal that gives
(2.1) 〈fz, fz〉 = 〈fz¯, fz¯〉 = 0, 〈fz, fz¯〉 = eu.
Moreover, a conformal immersion f : Σ→ C2 is Lagrangian if and only if
(2.2) 〈fz, Jfz¯〉 = 0.
Thus the vectors fz, fz¯, Jfz as well as Jfz¯ define an orthogonal moving frame on the surface.
Denote σ = (fz , fz¯, Jfz, Jfz¯), which due to (2.1) and (2.2) satisfies the following equations
(2.3) σz = σU , σz¯ = σV ,
(2.4) U =


uz 0 −φ −φ¯
0 0 −e−uψ −φ
φ φ¯ uz 0
e−uψ φ 0 0

 ,V =


0 0 −φ¯ −e−uψ¯
0 uz¯ −φ −φ¯
φ¯ e−uψ¯ 0 0
φ φ¯ 0 uz¯

 ,
where
φ = e−u〈fzz¯ , Jfz〉, ψ = 〈fzz , Jfz〉.
The one-form Φ = φdz and the cubic differential Ψ = ψdz3 are globally defined on Σ which
are independent of the choice of the complex coordinates and U(2)-invariant. We call Φ and Ψ
mean curvature form and Hopf differential of f , respectively.
By straightforward calculations we get the following integrability conditions:
φz¯ − φ¯z = 0,
uzz¯ + |φ|2 − e−2u|ψ|2 = 0,
e−2uψz¯ = (e
−uφ)z .
2.2. Lagrangian surface in CH2. Let (CH2, h, J, ω) be the 2-dimensional complex hyperbolic
space endowed with the Fubini-Study metric h of constant holomorphic sectional curvature −4,
where J denotes the standard complex structure of CH2 and ω is the Ka¨hler form given by
ω(X,Y ) = h(JX, Y ) for any tangent vectors X and Y .
Let
H
5
1 = {Z ∈ C3 | (Z,Z) = −1},
where ( , ) denotes the Hermitian inner product defined by
(Z,W ) = −z0w¯0 + z1w¯1 + z2w¯2,
for any Z = (z0, z1, z2),W = (w0, w1, w2) ∈ C3. Thus 〈Z,W 〉 = Re(z, w) induces a metric on H51
of constant curvature −1. Hence the Fubini-Study metric h on CH2 is obtained from the fact
that the Hopf fibration pi : H51(−1)→ CH2 is a Riemannian submersion.
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Now let f : Σ → CH2 be a Lagrangian immersion of an oriented surface. Still denote the
induced metric g = f∗h = 2eudzdz¯ on Σ by 〈 , 〉 without causing ambiguity. And there always
exists a horizontal local lift F : U→ H51 such that
(2.5) 〈Fz , JF 〉 = 〈Fz¯ , JF 〉 = 0,
where U is an open set of Σ. In fact, generally, it follows from Σ is Lagrangian that 〈dF, JF 〉 is a
closed one-form for any local lift F . So there exists a real function η ∈ C∞(U) locally such that
dη = 〈dF, JF 〉. Then F˜ = eiηF is a horizontal local lift for f to H51.
The metric g is conformal that gives
〈Fz , Fz¯〉 = eu,(2.6)
〈Fz , Fz〉 = 〈Fz¯ , Fz¯〉 = 0.(2.7)
F is a Lagrangian immersion means that
〈Fz , JFz¯〉 = 〈Fz¯ , JFz〉 = 0.
Thus the vectors F, JF, Fz , JFz, Fz¯ as well as JFz¯ define a moving frame on the surface. One
obtains the following frame equations:
(2.8)
Fzz = uzFz + φJFz + e
−uψJFz¯ ,
Fzz¯ = φ¯JFz + φJFz¯ + e
uF,
Fz¯z¯ = uz¯Fz¯ + e
−uψ¯JFz + φ¯JFz¯ ,
where
(2.9) φ = e−u〈Fzz¯ , JFz〉, ψ = 〈Fzz , JFz〉.
It is easy to see that the one-form Φ = φdz and the cubic differential Ψ = ψdz3 are globally defined
on Σ and U(1, 2)-invariant. We also call Φ and Ψ mean curvature form and Hopf differential of
f , respectively.
The compatibility condition of equations (2.8) has the following form:
φz¯ − φ¯z = 0,
uzz¯ + |φ|2 − eu − e−2u|ψ|2 = 0,
e−2uψz¯ = (e
−uφ)z .
Recall that for a conformal Lagrangian immersed surface f : Σ → CP 2(4), let F be the
horizontal local lift to S5(1) ([15]). Still denote by 〈 , 〉 the standard inner product on C3 and J
the standard complex structure. Define the mean curvature form Φ = φdz and the cubic Hopf
cubic form Ψ = ψdz3 by (2.9) in terms of the corresponding F and 〈 , 〉. Then we have
Theorem 2.1. Let f : Σ → M˜2(4c) be a conformal Lagrangian surface in M˜2(4c) with the
metric g = 2eudzdz¯ for c = 0, 1 or −1. Then the metric g, mean curvature form Φ = φdz and
cubic Hopf differential Ψ = ψdz3 satisfy the following equations:
φz¯ − φ¯z = 0,(2.10)
uzz¯ + |φ|2 + ceu − e−2u|ψ|2 = 0,(2.11)
e−2uψz¯ = (e
−uφ)z .(2.12)
Conversely, given a metric g = 2eudzdz¯, a one-form Φ = φdz and a cubic form Ψ = ψdz3
on Σ satisfying (2.10), (2.11) and (2.12), there exists a Lagrangian immersion f : Σ˜ → M˜2(4c)
from the universal cover Σ˜ of Σ to M˜2(4c) with the metric g and mean curvature form Φ and
cubic Hopf differential Ψ. The immersion f is unique up to isometries in M˜2(4c).
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Remark 1. (1) Instead of the 1-form Φ = φdz, Oh [22], Schoen and Wolfson [23] used the
famous Maslov form σH defined by σH = ω(H, ·) and in fact σH = −(Φ + Φ¯), where H
is the mean curvature vector field, or Castro and Urbano introduced a global vector field
K = e−uφ¯ ∂
∂z
over Σ. Remark that |φ|2 = 12 |H |2eu.
(2) It is known ([12]) that the Maslov form of a Lagrangian submanifold in an Einstein-
Ka¨hler manifold is always closed. This is equivalent to the first integrability equation
(2.10) in our cases.
(3) Actually the cubic differential Ψ has been introduced by several authors in the study of
minimal surfaces in Ka¨hler manifolds, for instance, Eells and Wood [13], Chern and Wolf-
son [11], etc. It corresponds to the symmetric 3-tensor field S(X,Y, Z) := h(II(X,Y ), JZ)
for a Lagrangian submanifold in a Ka¨hler manifold, where II is the second fundamental
form of the submanifold and h is the Ka¨hler metric tensor of the ambient manifold (refer
to, e.g., [4]).
(4) In order to be consistent with the notations in most publications on Lagrangian surfaces,
such as [5, 4], we define Φ and Ψ here in terms of the complexified standard inner products.
In fact, this definition is same as the one we used in [20, 15] given by the Hermitian inner
product, only up to a factor
√−1.
Combining Bonnet theorems, we can summarize the geometric interpretations of Φ and Ψ
(refer to [4, 5, 6, 15, 16, 19, ?]):
Proposition 2.2. Let f : Σ→ M˜(4c) be an oriented immersed surface Σ. Then f is minimal if
and only if Φ ≡ 0. In addition, if f is Lagrangian, then the following statements are equivalent:
(1) f is Hamiltonian stationary.
(2) The Maslov form σH is a harmonic 1-form.
(3) The Lagrangian angle β is a local harmonic function.
(4) The mean curvature form Φ is holomorphic.
Proposition 2.3. Let f : Σ2 → M˜2(4c) be a conformal Lagrangian immersion with the induced
metric g = 2eudzdz¯. Then the following statements are equivalent:
(1) The Maslov form σH is conformal.
(2) The vector field JH is a conformal vector field.
(3) The cubic Hopf differential Ψ is holomorphic.
(4) (e−uφ)z = 0.
3. Lagrangian Bonnet surfaces in complex space forms
We now suppose that we are given three isometric noncongruent Lagrangian immersions fk :
Σ → M˜(4c), k = 1, 2, 3 with coinciding mean curvature one-form Φ. As conformal immersions
of the same Riemann surface, they are described by the corresponding cubic Hopf differentials
Ψ1,Ψ2,Ψ3, the conformal metric 2e
udzdz¯ and the mean curvature form Φ. Since the surfaces are
non-congruent the cubic Hopf differentials differ.
It follows from (2.11) and (2.12) that
Proposition 3.1. Each of the differences Ψij ≡ Ψi−Ψj for 1 ≤ i, j ≤ 3, is a holomorphic cubic
differential form on Σ. Moreover,
(3.1) |Ψi| = |Ψj|, 1 ≤ i, j ≤ 3.
Due to the second statement of Proposition 3.1 the zeros of Ψk for k = 1, 2, 3 coincide. Clearly,
these points are contained in the zeros of the holomorphic differential Ψij . We call this isolated
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points set as the umbilic points set of fk, k = 1, 2, 3. Denote it by
U = {P ∈ Σ|Ψk(P ) = 0}.
Let Σ be a Lagrangian surface in M˜ with the data {u,Φ,Ψ} and Σ∗ be an isometric deformation
of Σ preserving the mean curvature form Φ with the data {u,Φ,Ψ∗}.
The following result is the Lagrangian version of Tribuzy’s result (see [9] or [15], [25] ).
Lemma 3.2. Let Σ be a Lagrangian Bonnet surface in M˜(c), then
(3.2) (logψ)zz¯ = |(logψ)z¯|2.
and it is equivalent to
(3.3) (
ψz¯
|ψ|2 )z = 0,
Proof. From (2.11), we have ψ∗ = eitψ, where t is a real-valued function determined up to a
multiple of 2pi. Then (2.12) implies that
(eitψ − ψ)z¯ = 0,
which is equivalent to
(3.4) (eit − 1)ψz¯ + eititz¯ψ = 0.
Thus
(3.5) τ ≡ dt− (1− e−it)iψz¯
ψ
dz¯ + (1− eit)i ψ¯z
ψ¯
dz = 0.
The Pfaff system τ = 0 is completely integrable if and only if dτ ∧ τ = 0, that is,
eit[|ψz¯
ψ
|2 − ( ψ¯z
ψ¯
)z¯ ] + e
−it[| ψ¯z
ψ¯
|2 − (ψz¯
ψ
)z ] + (
ψz¯
ψ
)z + (
ψ¯z
ψ¯
)z¯ − |ψz¯
ψ
|2 − | ψ¯z
ψ¯
|2 = 0.
Then (3.3) follows from the arbitrariness of t. 
Corollary 3.3. Let Σ be a Lagrangian Bonnet surface in M˜(c), then
(3.6) (
(e−uφ)z
|φ|2 + eu(c−K) )z = 0.
Writing ψ = |ψ|eiα. Then from (3.2), (2.11) and (2.12) we get
Corollary 3.4. Let Σ be a Lagrangian Bonnet surface in M˜(c), then
(log(e3u(e−u|φ|2 + c−K)))zz¯ − 2e
u|(e−uφ)z |2
e−u|φ|2 + c−K = 0,(3.7)
αzz¯ = 0.(3.8)
Definition 3.5. A Lagrangian surface Σ in M˜ is isothermic if and only if there exists locally a
conformal parameter z such that ψdz3 satisfies ψ(z, z¯) ∈ R.
Proposition 3.6. A Lagrangian surface Σ in M˜ is isothermic if and only if Im(logψ)zz¯ = 0.
Proposition 3.7. A Lagrangian surface Σ in M˜ is a Lagrangian Bonnet surface if and only if
(1) Σ is Lagrangian isothermic,
(2) (3.7) holds.
Theorem 3.8. A Lagrangian surface Σ in M˜ is a Lagrangian Bonnet surface. Then
(1) Σ is Lagrangian isothermic,
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(2) 1
ψ
is harmonic with respect to its isothermic coordinate, i.e. ( 1
ψ
)zz¯ = 0.
Let Σ be a Lagrangian Bonnet surface in M˜ . We can choose isothermic coordinate z such that
1/ψ is a real-valued harmonic function of z. From ( 1
ψ
)zz¯ = 0, we have
(3.9)
1
ψ
= h+ h¯
for some holomorphic function h.
Substituting (3.9) into (2.12), we get
hz(e
−uφ)z = h¯z¯(e
−uφ¯)z¯.
The Codazzi equation (2.12) implies
(3.10) e2u =
ψz¯
(e−uφ)z
= − h¯z¯
(h+ h¯)2(e−uφ)z
= − hz
(h+ h¯)2(e−uφ¯)z¯
.
Differentiating it twice, we have
(3.11) 2uz =
hzz
hz
− 2hz
h+ h¯
− (e
−uφ¯)z¯z
(e−uφ¯)z¯
2uzz¯ =
hzzz¯
hz
− hzzhzz¯
(hz)2
− 2hzz¯
h+ h¯
+
2hzh¯z¯
(h+ h¯)2
−
(
(e−uφ)z¯z
(e−uφ¯)z¯
)
z¯
(3.12)
=
2|hz|2
(h+ h¯)2
−
(
(e−uφ)z¯z
(e−uφ¯)z¯
)
z¯
(3.13)
From Gauss equation we know that
uzz¯ = e
−2u|ψ|2 − (|φ|2 + ceu) = e−2u|ψ|2 − e2u(|e−uφ|2)− ceu
= − (e−uφ¯)z¯
hz
+ hz
(h+h¯)2
|e−uφ|2
(e−uφ¯)z¯
− ceu
Substituting (3.10) and (3.12) into Gauss equation, we get(
(e−uφ)z¯z
(e−uφ¯)z¯
)
z¯
− (e
−uφ¯)z¯
hz
=
2|hz|2
(h+ h¯)2
− 2hz|e
−uφ|2
(h+ h¯)2(e−uφ¯)z¯
+ 2ceu(3.14)
If φ is a real-value function on Σ, we have the following result.
Theorem 3.9. Let Σ be a Lagrangian Bonnet surface in C2 with isothermic coordinates z, z¯.
Then
w = w(z) =
∫
1
hz(z)
dz
is also a conformal coordinate, and the mean curvature form e−uφ, e
2u
hz
and
|ψ|
|hz|
are functions of
t = w + w¯
only.
Proof 1. By the chain rule we get that (e−uφ)w = hz(e
−uφ)z and (e
−uφ)w¯ = h¯z¯(e
−uφ)z¯ which
implies that
(e−uφ)w = (e
−uφ¯)w¯.
Put 2w = t+ is, then we get
(e−uφ)t = (e
−uφ)w = (e
−uφ)w¯
which shows that (e−uφ) depends on one variable t only.
e2u =
ψz¯
(e−uφ)z
= − |hz |
2
(h+ h¯)2(e−uφ)w
.
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(e−uφ)zz¯ = (e
−uφ)wwz)z¯ = (e
−uφ)ww¯wzw¯z¯ =
(e−uφ)ww¯
|hz|2
Therefore, we have (
(e−uφ)z¯z
(e−uφ¯)z¯
)
z¯
=
1
|hz|2
(
(e−uφ)
′′
t
(e−uφ)
′
t
)′
t
Then (3.14) can be rewritten as
1
|hz|2

( (e−uφ)′′t
(e−uφ)
′
t
)′
t
− (e−uφ)′t

 = 2|hz|2
(h+ h¯)2
− 2|hz|
2|e−uφ|2
(h+ h¯)2(e−uφ¯)
′
t
+ 2c
|hz|
(h+ h¯)
√
−(e−uφ)′t
⇒
(
(e−uφ)
′′
t
(e−uφ)
′
t
)′
t
− 2(e−uφ)′t =
2|hz|4
(h+ h¯)2
(
1− |e
−uφ|2
(e−uφ¯)
′
t
)
+ 2c
|hz|3
(h+ h¯)
√
−(e−uφ)′t
When c = 0, we can get
(3.15)
(
(e−uφ)
′′
t
(e−uφ)
′
t
)t − 2(e−uφ)
)′
t
=
2|hz|4
(h+ h¯)2
(
1− (e
−uφ)2
(e−uφ)
′
t
)
= 2Q2
(
1− (e
−uφ)2
(e−uφ)
′
t
)
where Q = |hz|
2
(h+h¯)
. This formula implies that Q is a function of t unless
(e−uφ)
′′
t
(e−uφ)
′
t
)t − 2(e−uφ) and
1 − (e−uφ)2
(e−uφ)
′
t
must vanish identically. (e−uφ)
′
t = (e
−uφ)2 means that (e−uφ)
′
t > 0, but this is a
contradiction to (3.10).
Since ψ˜(z, z¯)dz3 = ψ(w, w¯)dw3, where ψ˜ is the Hopf differential form with respect to the
coordinates z, z¯, we get
ψ(w, w¯) =
h3z(w
−1(w))
h(w−1(w)) + h¯(w¯−1(w¯))
.
ψw¯ =
hz|hz |4
(h+ h¯)2
, ψ¯w =
h¯z¯|hz|4
(h+ h¯)2
|ψ|2 = ψw¯h¯z¯ = ψ¯whz = |hz |
6
(h+ h¯)2
= |hz|2Q2.
Then 2|ψ|
2
|hz|2
is a function of t only.
e2u
hz
=
ψw¯
hz(e−uφ)w
=
Q2
(e−uφ)
′
t
It’s depends on t only ,too.
Theorem 3.10. The holomorphic function h = h(z) satisfies the differential equation
hzz(h+ h¯)− h2z = h¯z¯z¯(h+ h¯)− h¯2z¯
Proof 2. Since (e−uφ)
′
t − (e−uφ)2 6= 0, and Q = |hz|
2
(h+h¯)
depends on t only, i.e.
Qw = Qw¯ ⇔ hzQz = h¯z¯Qz¯.
Qz =
hzzh¯z¯
(h+ h¯)
− |hz|2 hz
(h+ h¯)2
, hzQz =
hzz|hz|2
(h+ h¯)
− |hz|
2(hz)
2
(h+ h¯)2
Qz¯ =
hzh¯z¯z¯
(h+ h¯)
− |hz|2 h¯z¯
(h+ h¯)2
, h¯z¯Qz =
h¯z¯z¯|hz|2
(h+ h¯)
− |hz|
2(h¯z¯)
2
(h+ h¯)2
This is equivalent to
h¯z¯z¯
(h+ h¯)
− (h¯z¯)
2
(h+ h¯)2
=
hzz
(h+ h¯)
− (hz)
2
(h+ h¯)2
then we finish the proof.
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Theorem 3.11. Let Σ be a compact oriented Lagrangian surface in M˜2(4c). If its Maslov form
is not conformal, then there exist at most two noncongruent isometric immersions of Σ in M˜2(4c)
with the mean curvature form Φ.
Proof 3. From now on we assume that f1, f2 and f3 are mutually noncongruent. We will only
use the fact for the two Lagrangian immersions f1 and f2. Considering |ψ1|2 = |ψ2|2, we may
write
ψ2 = ψ1e
iθ,
where θ is well defined outside the zeros of |ψk|2 = e3u(e−u|φ|2 + c−K) = e3u(12 |H |2 + c−K)
modulo 2pi, where K is the Gauss curvature of the induced metric and |H | is the length of the
mean curvature vector.
We now consider
Q :=
ψ1 − ψ2
ψ1
= 1− eiθ,
which is well defined on Σ\U . It follows from Lemma 3.2 and ψ1 − ψ2 is holomorphic that
(3.16) △ logQ = −△ logψ1 ≤ 0,
where △ is the Laplacian operator on Σ. From (3.16) and △ logQ = △ log |Q| + i△ argQ, we
know that
△ log |Q| ≤ 0, △ argQ = 0
on Σ\U .
We now observe that since Q is not zero in the connected set Σ\U , the function θ cannot be
zero modulo 2pi in this set. Hence we can choose a continuous branch θ : Σ\U → (0, 2pi). Then
there exists a continuous branch
arg(Q(z)) ∈ (−pi
2
,
pi
2
),
for z ∈ Σ\U . In particular, argQ is a bounded harmonic function on Σ\U , where U is a discret
points set. Therefore, by removable singularities theorem, argQ can extend to a smooth harmonic
function on Σ. Σ is compact and connected, hence argQ is a constant. Moreover, |Q − 1| ≡ 1,
which follows that Q is a constant. Consequently, Ψ1 is holomorphic, then by Proposition 2.3,
its Maslov form is conformal. This completes the proof.
4. Lagrangian Bonnet pairs
Let f1, f2 be a Lagrangian Bonnet pair, i.e., two isometric noncongruent Lagrangian surfaces
with coinciding mean curvature form. As conformal immersions of the same Riemann surface
f1 : Σ→ M˜(4c), f2 : Σ→ M˜(4c),
they are described by the corresponding cubic Hopf differentials Ψ1,Ψ2, the conformal metric
2eudzdz¯ and the mean curvature form Φ. Since the surfaces are non-congruent the cubic Hopf
differentials differ Ψ1 6= Ψ2.
Proposition 4.1. Let Ψ1 and Ψ2 be the cubic Hopf differentials of a Lagrangian Bonnet pair
f1,2 : Σ → M˜(4c). Then there exist a holomorphic cubic differential h = Ψ1 − Ψ2 on Σ and a
smooth real valued function α : Σ→ R such that
Ψ1 =
1
2
h(iα+ 1), Ψ2 =
1
2
h(iα− 1).
Proof. Define a smooth cubic differential
q = Ψ1 +Ψ2.
(3.1) implies
qh¯+ hq¯ = 0.
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Thus α = −i q
h
is a real valued function defined on Σ\Uh where
Uh = {P ∈ Σ|h(P ) = 0}
is the zero set of h. At any z0 ∈ Uh the holomorphic differential h has the form
h(z) = (z − z0)kh0(z)dz, h0(z0) 6= 0, k ∈ N.
In a neighborhood of z0 we have
α = − i
(z − z0)k
q(z)
h0(z)
where q is smooth and h0 is holomorphic. Real-valuedness of α near z0 implies
q(z) = (z − z0)kg0(z)
with g0 smooth, which implies the smoothness of α at z0. So α can be smoothly extended to the
whole Σ. 
Corollary 4.2. Umbilic points of a Lagrangian Bonnet pair are isolated. The umbilic set coin-
cides with the zero set of h, i.e., U = Uh.
The number k which is defined above is called the index of the umbilic point. We call the zero
divisor D = (h) of h the Umbilic divisor of a Lagrangian Bonnet pair.
In exactly the same way as in the case of Bonnet pairs in R3 and CP 2 (see [1], [15]), for
compact Riemann surfaces, Propositions 3.1, 4.1 imply the following
Proposition 4.3. (1) There are no Lagrangian Bonnet pairs of genus zero.
(2) Lagrangian Bonnet pairs of genus one have no umbilic points.
(3) If Lagrangian Bonnet pairs of genus g ≥ 1 exist, the umbilic divisor D is of degree 6g− 6
and its class is D = 3K, where K is the canonical divisor.
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